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The scattering factor for electrons is sensitive to differences in atomic bonding at low values of sin 0/2. 
These differences will influence the amplitudes and phases of low-order beams of electrons diffracted 
from crystals with large unit cells. The experimental intensities of these beams, and contrast in the corre- 
sponding lattice images, can be used to derive upper limits for the charges on constituent ions, provided 
the associated n-beam dynamical calculations are carried out with sufficient precision. It is shown that, 
in W4Nb26077, the atoms can be only partially ionized, and the bonding must have some covalent 
character. 

Introduction 

In parts I (Allpress, Hewat, Moodie & Sanders, 1972) 
and II (Lynch & O'Keefe, 1972) of the above running 
title, it was shown that the Cowley & Moodie (1957) 
theory of n-beam dynamical scattering can be used to 
calculate the complex amplitudes of the diffracted 
electron beams from crystals with large unit cells, and 
the Cowley & Moodie (1960) Fourier-image theory 
used to construct crystal-lattice images from the calcu- 
lated diffracted beam amplitudes. Both the calculated 
diffracted beam intensities and the calculated images 
agreed with experimental results. 

A number of effects are specific to large unit cells 
of the type considered in the present investigation; 
two of these which are of particular importance at 
conventional accelerating voltages (say in the region 
of 100 kV) are the large number of reciprocal lattice 
points that lie on an effectively planar area of the 
Ewald sphere, and the small scattering angles of the 
first few orders of diffraction. The first factor suggests 
that interpretation in terms of charge density (Cowley 
& Moodie, 1960) may frequently serve, at least as a 
guide, in interpretation of the structure, since the thin- 
phase-grating approximation (Moodie, 1972)holds 
when the excitation errors are effectively zero. This, 
in turn, permits interpretation of the intensity distri- 
bution in the image at small defect of focus in terms 
of charge density (Cowley & Moodie, 1960). As at 
small angles the scattering of electrons is a sensitive 
function of the bonding in the crystal, the second 
factor suggests that quantitative information on bond- 
ing should be obtainable from some images. In fact, 
it will be shown that both types of information can 
be obtained by noting the dependence of the images 
on thickness. 

For thin crystals, the charge-density approximation 
holds to some level of resolution. Inner reflexions alter 
the image in accordance with the rearrangement of 
electrons due to bonding, but this is a very small effect. 
Thus, from the point of view of structure determination 
by the direct observation of sufficiently thin crystals, 
the image is completely insensitive to the models used 
for the constituent atoms. Similarly, in a rigorous cal- 
culation aimed only at the elucidation of structure 
from images of thin crystals, any plausible atomic 
scattering factor can be used, for instance that for a 
neutral atom. As the thickness increases, the charge- 
density approximation fails (Cowley & Moodie, 1960), 
and the images depend increasingly on bonding and, 
hence, on the models used for the constituent atoms. 
At these thicknesses, of course, the images do not re- 
present the structure directly, although they are equally 
detailed, and reflect the crystal symmetries (Cowley & 
Moodie, 1959; Gjonnes & Moodie, 1965). 

The effect of ionization on atomic scattering factors 
for electrons is very much larger than for X-rays, and 
is particularly apparent at small values of sin 0/2. For 
example, Fig. 1 shows the scattering curves (Cromer 
& Waber, 1965) for the isolated tungsten atom, in 
both neutral and fully ionized states, calculated for 
X-rays (a) and electrons (b). As suggested by Cowley 
(1953), the electron scattering-factor graphs indicate 
that the intensities of diffracted electron beams, suit- 
ably interpreted dynamically, should provide useful in- 
formation on ionicity. 

In the present calculation three types of form fac- 
tors were tested against experiment. First, the usual 
model for an ionic crystal was used, that is, one with 
isolated-ion form factors. This implies pure ionic bond- 
ing with no overlap of charge density but extensive 
overlap of potential. Second, a model with ionicity 
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was used, that is the field of the ions is assumed to 
affect the electron distribution in a way which results 
in reduction of the effective charge of the ion from the 
valency value (Pauling, 1960). In this case there is still 
no overlap of charge density. Finally, it was found 
necessary to refine the ionicity model by introducing 
changes in the form factor which led to some small 
amount  of overlap in the charge distribution, in other 
words, introduced some covalent ~,haractet into the 
bonds. 

Choice of material 

In order to exploit the sensitivity to ionicity at luw 
values of sin 0/2, our initial experiments have been 
made using the complex oxide - W4Nb26077. This ma- 
terial has two axes greater than 2 nm in length, and 
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Fig. I. X-ray (a) and electron (b) scattering factors for neutral 
and fully (6 +) ionized tungsten atoms. The points x indicate 
the values of sin 0/2 for the first seven 00l reflexions in 
W4Nb26077, i.e. where the curves were sampled in the course 
of the calculations. 

the points marked x in Fig. 1 indicate the values of 
sin 0/2 for the first seven 00l reflexions. The structure 
of the oxide was determined by Andersson, Mumme 
& Wadsley (1966). 

Experimental 

Samples of W4Nbz6077 were provided by the late Dr 
A. D. Wadsley. They were finely ground and dispersed 
on carbon-coated grids for examination in an electron 
microscope. Previous work has shown that the grind- 
ing technique for specimen preparation did not alter 
or deform the material in any way (Allpress, Sanders 
& Wadsley, 1969; Allpress & Roth, 1971). 

Areas of thin fragments which appeared to be of 
nearly uniform thickness were selected, and were ori- 
ented so that the 00l systematic set of reflexions was 
visible in the electron diffraction patterns; two sets of 
measurements were then made. In the first set, diffrac- 
tion patterns were recorded using focused illumina- 
tion, so that each spot in the pattern appeared as a 
disc, within which the angle of incidence varied by the 
amount of divergence in the incident beam. The second 
set of measurements consisted of a through-focus se- 
ries of lattice images, recorded in the 00l systematics 
orientation, with 11 beams allowed through the objec- 
tive aperture to form the image (Allpress, Hewat, 
Moodie & Sanders, 1972). 

Calculations 

Multislice dynamical calculations of a set of 00l syste- 
matics reflexions for WaNb26077 based on the struct- 
ural data of Andersson e t  al .  (1966) were carried out 
using the one-dimensional systematics multislice and 
the two-dimensional multislice approximations* (Lynch 
& O'Keefe, 1972). The electron scattering factors were 
calculated from the Dirac-Slater X-ray scattering fac- 
tors published by Cromer & Waber (1965). Scattering 
calculations were carried out for: 

(i) neutral atoms; 
(ii) partially ionized W +°'8, Nb +°'8, 0 -0.4 

and W +1"4, Nb ÷1"8, 0 - ° '7 ;  
and 

(iii) fully ionized W ÷6, Nb +s, O -z a toms.  

Partial ionization or ionicity (Pauling, 1960), is the 
well known method of representing the effect of the 
overlap potential on neighbouring ions in the case 
when there is n o  overlap of the charge distribution of 
the neighbouring ions. 

Electron scattering factors for the partially ionized 
species were derived by linear interpolation between 
the neutral and fully ionized curves. Structure ampli- 
tudes for the various models are displayed in Table 1. 

* Multislice calculations were made for 29 beams in the sy- 
stematics case and 435 beams in the two-dimensional case. 
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Lattice images were computed by Fourier  summing 
the complex amplitudes of the diffracted beams pro- 
duced by the electron-scattering calculations (Lynch 
& O'Keefe, 1972). 

R e s u l t s  

Fig. 2 shows a typical 001 electron diffraction pattern 
f rom a fragment of WaNb26077 (Allpress et al., 1972). 
The exact thickness of the fragments was difficult to 
estimate, but experience with similar samples contain- 
ing Wadsley defects (Allpress & Roth, 1971) indicated 
that they were usually 30-50 nm thick. The relative 
intensities of  the reflexions lie in the approximate order 
1(002) > 1(003)~-1(005)~-1(007)~1(004) > 1(001) 
> I(006). 

(i) Pure ionic form factors 
Fig. 3 shows the results of one-dimensional  syste- 

matics calculations of diffracted beam intensity as a 
function of crystal thickness for 00l reflexions with 
Ill < 7 in W4Nb26077. For neutral atoms [Fig. 3(a)] the 
relative intensities at thicknesses up to about  50 nm 
were similar to those found experimentally. In parti- 
cular, the 001 reflexion was very weak and the 006 in- 
tensity was almost zero. For fully ionized atoms [Fig. 
3(b)] on the other hand, the intensities oscillated with 
thickness much more rapidly than was observed ex- 
perimentally. 

(ii) lonicity 
For W+l"aNb+l .80~ °'7 [Fig. 3(c)], the oscillations 

with thickness were less rapid, but the 001 intensity 
was too high, being greater than that of  004, and ap- 
proximately equal to 003 and 005. Even for 
W+0.s~rr,+l.0c~-0.4 [Fig. 3(d)], the intensities of 001 

4 ~ • u 2 6  " - 1 7 7  

and 004 were about equal. 

11-beam 00l lattice fringes calculated for the above 
ionizations showed that the greater the degree of ioni- 
zation, the greater the variation of the fringe profile 
with increasing crystal thickness. The images in Fig. 4 
were calculated for a defect of focus of - 4 0  nm;  for 
comparison,  images of the projected charge densities, 
calculated for 11 Fourier  coefficients are also shown. 
The figure shows that this restricted-aperture projected 
charge density of the structure matches the image con- 
trast at the thin edge of the wedge, the CS-planes 
imaging as black lines. The images of the thicker areas 
of the wedge exhibited a strong dependence on the 
degree of ionization. Experimental  micrographs of 
wedge-shaped crystal fragments, for instance Allpress 
& Sanders (1971), showed little variation of fringe pro- 
file with crystal thicknesses up to approximately 30 nm, 
with a contrast reversal between 30 and 100 nm. Fig. 
4 shows that, if  this behaviour  is to be matched, the 
degree of ionization must be kept low. 

(iii) Modified form factors 
Since the electron shells are neither infinitely rigid 

nor in a spherical environment,  the scattering curves 
for ionized atoms in a lattice will not show the same 
increase to infinity at low values of sin 0/2 that occurs 
for isolated ions of any ionicity (Fig. 1). This is borne 
out by the experimental observations both in imaging 
and diffraction. Indeed the observed intensities require 
that the inner points on the scattering curve should be 
substantially reduced. The modified points (Fig. 5) 
are found to lie approximately on straight lines through 
the positions appropriate for the 002 and 003 reflexions 
(sin 0/2 ~ 0.4, 0.6 nm-1  respectively). The shape of the 
form factor which results, when interpreted in terms 
of charge density, extends the electron cloud round the 
ions so that overlap with neighbouring distributions 

Atom* 
Type 

W, 0.0 
Wo 0-0 
Nb 0.0 
O 0.0 

Reflexion 
001 0.17 
002 -0.66 
003 -0.62 
004 0.58 
005 0.91 
006 0.00 
007 - 1-37 
008 -0.16 
009 0.16 
0010 0.26 
0011 -0.13 
0012 -0.36 
0013 0.04 
0014 1.37 

Table 1. Structure amplitudes for models of W4Nb26077 

Degree of ionization (electrons) 
Pure ionic Modified 

6"0 1"4 0"8 0-8 6"0 1"4 
6"0 1"4 0"8 1"0 6.0 1"4 
5-0 1"8 1"0 1"0 5"0 1"8 

--2.0 -0"7 -0"4 -0"4 -2.0 -0"7 

Structure amplitude (Volt) 

0.8 
0-8 
1-0 

-0.4 

4.20 0.92 0-61 0.61 1.61 0.44 0.31 
- 3.50 - 1 .06  -0.90 -0.89 -3.40 - 1-05 -0.89 
- 1 .05 -0.59 -0.61 -0.61 - 1 .05 -0.59 -0.61 

0.62 0.52 0-55 0.55 0.62 0.52 0.55 
0.92 0.86 0.88 0.89 0.92 0.86 0-88 

-0-05 -0.00 -0.01 0.00 -0.05 -0.00 -0.01 
- 1 . 9 9  - 1 - 5 6  - 1 . 4 8  - 1 . 4 7  - 1 . 9 9  - 1 . 5 6  - 1 . 4 8  

-0.19 -0.17 -0.17 -0-17 -0.19 -0.17 -0.17 
0.25 0.19 0.18 0.18 0.25 0.19 0-18 
0.31 0.28 0.27 0.27 0.31 0.28 0.27 

-0-14 -0-13 -0.13 -0.13 -0.14 -0.13 -0.13 
-0.38 -0.37 -0.36 -0.36 -0.38 -0-37 -0.36 

0.03 0.03 0.04 0.03 0.03 0.03 0.04 
1 . 3 9  1 . 3 8  1 . 3 7  1 . 3 9  1 . 3 9  1 . 3 8  1 - 3 7  

* W~ is the ionization of the tetrahedrally sited tungsten atoms while Wo is that of the tungsten atoms situated in 
sites. 

octahedral 
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Fig. 4. Calculated wedge-crystal images of  W4Nb26077 [variation of  l l -beam 001 (111<5) images with crystal thickness up to 
100 rim] for 40 nm underfocus. These images are to be compared with the images computed using the restricted-aperture charge 
density approximation which are shown to the left. Three unit cells of  the crystal are shown; the square bracket marks off the 
centre unit cell. For crystals of  thicknesses greater than that indicated by the arrowheads, the approximation that the under- 
focused image corresponds to the charge density no longer holds. For thin crystals the black lines at approximately C/4 and 
3C/4 are the images of  the projected crystallographic shear (CS) planes which are regions of  high charge density. Images are 
shown for: (a) W,Nb2~O77 (neutral atoms); (b) u1~+~T~'s+O~;" (fully ionized atoms); (c) u11.,+M,,t.s+,,~0.7-. v v  4 ~ 0 2 6  , v v 4  ~ ' q  o 2 6  ~ J 7 7  
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H ( n m )  
Fig. 4 (cont.) (e) wO'S+Wl"°+N+'l"°+O ° ' ' - ' 2  u26 77 , ( f )  i x l 6 + N i ~ 5 + r ~ 2 - v v 4  U26 "-'77 (modified atom scattering factors); (g) ,xll.4++,+~j.s+r~0.7-,4 *-026 ,-,77 (modified 

atom scattering factois); (h) W| "s++'1~'t'°+~°'i-l,U26 ,,77 (modified atom scattering factors). 

occurs; that is, covalent character is introduced into 
the bond. This point, along with applications of  a gen- 
eralized Mott  formula will be described in a forth- 
coming publication. 

Fig. 3 (f ,  g, h) shows that beam intensity vs.  crystal 
thickness curves obtained for low ionization using 
these modified scattering factors are very like those 
obtained using the neutral-atom scattering factors, but 

A C 2 9 A  - 3 
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the lowest orders have a reduced quasi-period.* For 
example, the quasi-period of the 002 beam in 3(a) is 
approximately 150 nm, while it is only 37 nm in 3(f)  
about 150 nm in 3(g) and about 120 nm in 3(h). At 
the moment, our diffraction data do not allow us to 
distinguish between the neutral atom and partially 
ionized modified-ion results. Lattice images calculated 
using these scattering results confirm the reduced quasi- 
period [the quasi-period in 4(a) is greater than 100 
nm while that of the image in 4(f) is 60 nm]. Diffracted 
beam intensities, calculated using the two-dimensional 
multislice technique, also showed a reduced quasi- 
period. The calculated two-dimensional diffraction in- 
tensities still show a lack of agreement with experiment, 
particularly with regard to the intensities of the off- 

m 

systematic reflexions, 207, 207, 207 (Fig. 6). This may 
be due to errors in measurement of angle of incidence 
and to averaging over crystal thickness. However, the 
calculated images are sufficiently good to obtain good 
agreement with experimental images; this agreement 

* See Appendix. 

has been displayed in Part I (Allpress et al., 1972) of 
this series. Since it is intended to obtain more accurate 
diffraction data by convergent-beam techniques, it is 
not conddered worthwhile to refine the current data 
further, although this would certainly be possible. 

The sensitivity of the inner beams to bonding is 
established by the above results; the insensitivity of 
these beams to structure is confirmed by calculations 
carried out with several variations in atom positions 
within the unit cell and with variation of overall iso- 
tropic temperature factor. 

The effect, on the inner seven 00l beams, of changes 
in atom position was examined by repeating the neu- 
tral-atom calculations with metal-atom centres moved 
from the final positions determined by Anderson et al. 
to those of their initial 'idealized' structure. Fig. 7(b) 
shows that these translations, of up to three times their 
estimated standard deviations, produced less than 2 % 
variation in these seven 00l beam intensities. 

Intensities calculated with values of temperature fac- 
tor (B) of 0.01 nm z [Fig. 7(c)] are within 0-5 % of those 
with B =  0 [Fig. 7(a)]. 
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Fig. 5. Electron scattering factors for neutral and ionized atoms of tungsten (a), niobium (b) and oxygen (c). The modified curves 
(heavy lines) for partially ionized atoms (W +0.a, N b +1.o and O-°"4) have values at the 001 position (sin 0/2 ~ 0.2 nm-1) which 
differ from those predicted by pure ionic or ionicity models. 
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Discussion of results 

Information on both bonding and crystal structure is 
therefore contained in an image of a wedge-shaped 
crystal. At the edges, the projected charge density of 
the structure is imaged, while the dependence of the 

/ \  

0"I 

l ° 
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Z 
tll 

Z 
u 

,o oo A / \  

/ 0o0 
0.1 002/  
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H (n m) ~ .  

Fig. 7. Variation of n-beam 00l (< 7) W 4 N b 2 6 0 7 7  reflexion in- 
tensities calculated for neutral atoms. (a) Temperature factor 
(B) zero; atom positions as determined by Andersson, 
Mumme & Wadsley (1960). (b) Atom positions of 'idealized 
structure' of Andersson et al. (1960); B=0. (c) Atom posi- 
tions determined by Andersson, Mumme & Wadsley (1960); 
B=0.01 nm 2. 

image on thickness reflects the types of bonding in 
the crystal. Roughly, rapid changes in the image with 
thickness indicate pure ionic bonding in one or more 
atomic species, whereas relatively slow changes (as in 
the current investigation) indicate that all species are 
either largely screened or are covalently bonded. Com- 
plete calculations are necessary in order to extract 
quantitative information on this latter point, and for 
the most accurate measurements, diffraction data, par- 
ticularly convergent-beam diffraction data, are required 
(Goodman & Lehmpfuhl, 1967), but direct images pro- 
vide an immediate and powerful source of information 
on bonding. 

Some qualitative points may be noted. At the large 
spacings (>  2 nm) encountered in the current measure- 
ments, the intensities of the inner reflexions are only 
weak functions of atomic position, so that quite accu- 
rate information on bonding may be obtained with 
approximate structures. For a range of structures of 
increasing unit-cell edge, as the scattering angle de- 
creases dependence on bonding increases, but the num- 
ber of atomic positions in which error may accumulate 
due to differences in the environments of atoms in- 
creases. It might therefore be considered that this accu- 
mulation of errors would 'average' bonding effects, but 
bonding effects cannot be averaged to zero in dynam- 
ical scattering. The authors are indebted to Mr P. 
Goodman for the remark that, in the limit for small 
scattering angle, the mean inner potential is at once 
extremely sensitive to bonding and totally independent 
of structure. This is the limit which produces the domi- 
nating effect in large structures. The error in intuitive 
arguments tends to arise from misplaced analogies with 
X-ray refinement. 

Some structures are more favourable than others for 
the extraction of bonding information. The current 
structure, which is favourable, illustrates the point. The 
unit-cell axes are not aligned with the main structural 
features, so that, kinematically, the first orders are weak, 
Since a first order, in dynamical scattering, couples 
strongly into a large range of orders, a weak first order 
does not swamp variation in intensity between adjacent 
orders and hence sensitivity to scattering factors and 
bonding is assured. This can readily be seen from a 
scattering-diagram analysis (Gjonnes & Moodie, 1965). 

Conclusions 

In conjunction with dynamic electron-diffraction data, 
lattice images provide a great deal of information on 
both crystal structure and bonding in structures which 
have large unit cells; the projected-charge-density in- 
terpretation of images of thin crystals at small defects 
of focus serves as a guide to interpretations of the 
structure, while the behaviour of the images with in- 
creasing thickness reflects the type of bonding in the 
crystal; relatively slow changes (as in the current in- 
vestigation) indicate largely covalent bonding and ra- 
pid changes indicate ionic bonding. However, in other 

A C 29A - 3* 
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cases, the rate of change of image with crystal thick- 
ness should be used only as an indication of the type 
of bonding present until a full calculation is carried 
out, since the rate of change will depend also on crys- 
tal orientation, resolution and type of structure. In 
this particular structure: 

(1) comparison of the above calculations with experi- 
mental results shows that the atoms in W4Nb26077 
are not fully ionized. In fact, a reasonably good 
match of through-focus series of experimental im- 
ages was obtained using neutral-atom form factors 
in the calculations for the computed images (All- 
press, Hewat, Moodie & Sanders, 1972); 

(2) calculations carried out with values of ionization 
of W~~±°'SNb26L2±°'sO~°'s±°'5 , where the limits 
are estimates based on the computed results, can 
be made to match the experimental data only if 
a covalent character is imposed on the bonding 
by modifying the form-factor curves; 

(3) it is of interest that Lines (1970) has obtained val- 
ues of ionicity in LiNbO3 by statistical mechanical 
arguments, of Nb +L4 and O -°'8. These values lie 
within the range of our estimated ionicities for Nb 
and O; 

(4) the results obtained are in accord with the deduc- 
tion of Wadsley (1967), who concluded that a high 
proportion of covalent bonding is present in this 
type of structure, since the most stable arrange- 
ment of octahedra is that in which they share the 
maximum number of edges and faces, bringing 
metal atoms into close proximity. 

We wish to thank Mr J. G. Allpress and Dr J. V. 
Sanders, who obtained the experimental results, for 
permission to use these results, and for helpful criti- 
cism of the manuscript. 

APPENDIX 

The two-beam approximation to electron scattering 
gives a solution which is periodic with crystal thick- 
ness. The simple relationship between the diffraction 
plane and the image plane ensures that the image is 
also periodic. This also applies to those symmetric con- 
figurations which are exactly reducible to two-beam 
form (Niehrs, 1958). A particularly simple example is 
afforded by the symmetric three-beam case. 

Some many-beam configurations approach redu- 
cible configurations and it is these which we describe 
as quasi-periodic. This quasi-periodicity can be seen 
most clearly in the image of Fig. 4(f) and in the dif- 
fraction intensities of Fig. 3(/'). 

Approximately reducible situations may be exam- 
ined by applying Zassenhaus's theorem (as quoted by 
Magnus, 1954) to Sturkey's (1962) solution for fast 
electron scattering without upper-layer-line interaction, 

U=exp  {iMz}. ao. 

Here U is the column vector of the scattered ampli- 
tudes, M is the matrix 

a,=2rc(i, a~j=uV~_.i 

where these terms are defined in parts ! and II; z is the 
coordinate normal to the entrance face of the crystal 
and a0 is the column vector 

It. 
(Note that exp {iMz} is not, of course, periodic in z 
for arbitrary M.) 

A restricted form of Zassenhaus's theorem, suffici- 
ent for present purposes, states that for square matri- 
ces A, B of degree n there must exist uniquely deter- 
mined Lie elements Cm, (m = 2,3,4, . . . )  which are exactly 
of degree m in A, B such that, exp {i(A+B)z}= 
exp {iAz} • exp {iBz} • exp {iz)2C2} . . . .  exp {(iz)mC,,,} 

Suppose that the matrix A describes a scattering 
configuration which is reducible and hence has a solu- 
tion Ul(z)=P(z)'ao periodic in z, that this configu- 
ration is perturbed, for instance by the inclusion of 
more beams, or by a change in angle of incidence, and 
that this perturbation is represented by a matrix B. 
Then, 

U = exp {i(A + B)z}a0 
=exp {iAz} • exp {iBz} • exp {-½(iz)Z[A, B]}. 

exp {(iz)3C3} . . .  a0 

where [A, B ] = A B -  BA 
Suppose B is small so that the solution is approxi- 

mated by a few terms in the infinite product series, and 
that the perturbation arises from a change in the angle 
of incidence, leading to changes in the excitation er- 
rors of A(~. Then, A =  A and B is the diagonal matrix 
bu = 2zrA~'~. 

If only the first two terms are included, 

U=exp  {iAz} • 

i t xp {2rciA(,z} " a 0 = U l .  

that is, in first order, the solution remains periodic in 
z. The exponent, (iz)2C2, in the second-order term is 

c , = 0 ,  ctj=-vZ(iz)Z{2rcaVi_j(A(j-A(t)}. 

The elements of the exponential of this real antisym- 
metric matrix can be evaluated as the components of 
the Fourier transform of the exponential of a certain 
antisymmetric function of the structure amplitudes and 
excitation errors. Details will be given in a forthcoming 
publication. These elements, dij say, are non-periodic 
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in z and, within the appropriate thickness range, con- 
stitute a non-periodic perturbation on the periodic un- 
tilted configuration. 

Explicitly, 

l 1 U =  exp {iAz} • 

d .  exp {2nizlGz} . 

Thus in second order, tilt destroys the periodicity 
of a reducible configuration. However, over a realiz- 
able range of thicknesses and tilts, the elements of the 
column vector will be small, except for d11, which will 
be close to unity, so that the main features of the perio- 
dicity will remain, giving rise to the 'quasi-periodicity' 
referred to in the text. 

Suppose now that the perturbation arises from the 
inclusion of beams additional to those in the reducible 
configuration. 

Then, 

 10] 
\o 101, b2 Ibd, 

it ( ) 
where E = 1 

1 

and exp {iBz} is non-periodic. Thus, the inclusion of 
additional beams destroys periodicity in first order. If 
the additional beams have, in a suitable sense, small 
structure amplitudes or large excitation errors, the per- 
turbation can be sufficiently small so that quasi-peri- 
ods exist, though necessarily over a restricted range of 
thickness. 

The elements in A will in general refer to low-order 
reflexions and, therefore, will be heavily affected by 
ionicity. Increasing the weight of these elements will 
increase the effective structure amplitudes in the equi- 
valent reducible case and hence reduce the period, and 
the overall quasi-period. 

The approach to 2-beam scattering has been inves- 
tigated by Goodman (1968). 

Cases which include upper-layer-line interactions can 
be investigated with the aid of the degenerate forms 
of the Vandermonde determinant of the excitation 
errors (Moodie, 1972). 
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